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Abstract: The chief objective of this study is to show the usefulness of Rough set theory in Group theory. The aim of this paper
is to determine the definable and undefinable groups also construct the rough group, upper rough group, homomorphism, and
isomorphism of the rough group using rough set theory.
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1. INTRODUCTION
Rough set theory has been combined with other mathematical theories such as modal logic Boolean algebra, fuzzy sets,
semigroup, and random set. Among these research aspects, many papers have been focused on the connection between rough sets
and algebraic systems. Biswas and Nanda [1, 2] defined the notion of rough subgroups. Kuroki [4] introduced the notion of a rough
idea in a semigroup. In my previous papers{8,9,10], rough graph, rough lattice were defined.In this paper, rough group, the upper
rough group are defined and explained about the homomorphism and isomorphism of the upper rough group.

2. ROUGH SET
2.1 Definition [5, 6]

A rough set is a formal approximation of a crisp set in terms of a pair of sets which is the lower and upper approximation
of the original set. Let U denote the set of objects called universe and let R be an equivalence relation on U. Then (U, R) is called
an approximation space. For u,v €U & (u, v) € R, u and v belong to the same equivalence class it is denoted by U /R and we say
that they are indistinguishable. The relation R is called an indiscernibility relation. Let [x]r denote an equivalence class of R

containing element x then Lower approximation R(X) and upper approximation R(X) for a subset X € U are defined by
R(X) = {x eU/[x]rc X}

R(X) = {x € U/[x]zNX # ¢}

Thus if an object x € R(X) then “x surely belongs to X”.If x € R(X) then “x possibly belong to X”If R(X)& R(X) are sets
thenR(X) = (R(X),R(X)) is called a rough set with respect to R.

3. ROUGH GROUP
Definition3.1: Let (U, R) be an approximation space, * be a binary operation defined on U. Let [x]r denote an equivalence class of

R containing element x. Let X< U and the rough set R(X) =(R(X), R(X)) is called an upper rough group if it satisfies the following
axioms.

Al) forallx,y € X,x *y € R(X)
A2) Association property hold inR(X)
A3) there exist e € R(X) such that for all x € X. x * e = e * x = x,e is called the rough identity element of X.

A4)  forall x € X there exist y € R(X). x * y = y * x = e,y is called the rough inverse element of x in X.

Definition 3.2: Let (U, R) be an approximation space, * be a binary operation defined on U. Let [x]r denote an equivalence
class of R containing element x. Let XS U and R(X) =(R(X), R(X)) is called a rough group of U, if R(X) andR(X) are
groups.
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Observation 3.3
Let n (R,(G)) be the number of upper rough group and n(R (G)) be the number of rough group.

(@  The number of upper rough group of (Zn, +1) under the congruence relation (congruence modulo n/2).If n (n>3) is
even then

(i) N(R,(Z4)) =22+4+2.
(ii) N(R,(Zs)) =23 + 3(22)+6+2.
(i) n(R, (Zs)) =2* + 4(2°) + 6(22)+8+2.
(iv) N(R, (Z10)) =2° + 5(2%) + 8(2%) +8(23) + 10+ 2
(v) n(R, (Z12)) =26 + 6(25) + 10(2%) + 10(23) + 10(2%) + 12 + 2
In general
NRW(Z)=22 +2(257) + (1 —2) (2272) + -+
n—-2)2)+n+2

(b) The number of upper rough group of (Z,,+n) under the congruence relation(congruence modulo”T_l) If n(n>3) is odd then

(i) (R, (Zs)) =6(2) +5+3.

(ii) N(R, (Z7)) =6(22)+12(2)+22+7+3

(i)  n(R, (Zo)) =6(2%)+18(22)+18(2)+23 + 22+9+3

(iv) N(Ry (Z11) )=6(21)+ 24(23) +24(22)+24(2)+2* + 23 + 22+11+3

(v) N(Ry, (Z13)) =6(2°) +30(2*) + 30(23) +30(2%) +30(2) + 2> +2* + 23 + 22+ 13+ 3

n— n— n-5s n— n—-(n-2) n-3 n—(n-4)
In general n(Ru(Zn)):6(ZT3) + 6(73) (2 25) +-+6 (73) (2 T ) +2 T + ((2 = )) +n+3

Observation 3.4
(@) The number of rough group of (Zn, +n) under the congruence relation (congruence modulo n/2) If n(n>3) is even then

) nREZ)=()

i) nR@Z)=()"

(i) nR@Zs) =)+’
V) nR@Zw) =((3))*

V  nR@Z) =)+ )’

n
(i) + (i)i_1 ifg is even

In general n(R(Z,)) = n_y
(32 ifSisodd

(b)  The number of rough group of (Z,, +1) under the congruence relation (congruence modulonT_l) If n(n>3) is odd then
n(R (Z,) =0

Theorem 3.5: Let (U, R) be an approximation space, = be a binary operation defined on U. And U be a group with
respect to *. If R(X) is a sub group then X is an upper rough subgroup.
Proof
(i)  Since R(X) is a subgroup and X< R(X) forall x,y € X, x * y € R(X). Association property hold’s inR(X). And there exist

e€ R(X) such that for allx € X. x x e = e * x = x, e is called the rough identity element of X. for allx € X there exist y €
R(X), x *y = y * x = e,y is called the rough inverse element of x in X. Thus X is an upper rough subgroup of U.
Remark 3.6

The converse of the above theorem need not be true.
for example.

Let U be the set of all permutation of S, and xbe the multiplication operation of permutation. A classification of
Uis UR = {E, ,E, ,E5,E,}, where

Ey ={(1), (12), (13), (14), (23), (24), (34)},

E, ={(123), (132), (124), (142), (134), (143), (234), (243)},
E; = {(1234), (1243), (1324), (1342), (1423), (1432)},

E, ={(12)(34), (13)(24), (14)(23)},

LetX ={(12), (123), (132)}, then
R(X) =E,UE,
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M Vx,y € X,x * y € RXX)
(ii) (12) * (12) = (1) € R(X);
(iii) Association property holds in R(X);
(iv) (12)"' = (12) € R(X), (123)! = (132) € R(X),
(132)"! = (123) € R(X).
Thus we have X is an upper rough subgroup.
Here (123),(234) € R(X), but(123) * (234) = (13)(24) & R(X).Hence R(X) is not a sub group.

4. HOMOMORPHISM AND ISOMORPHISM OF ROUGH GROUP
Let(U,R),(U'R") be two approximation spaces. Let Uand U’ be the groups with respect to the binary operations

* % respectively. Let X € U,Y < U’ such that R(X),R(X") be two sub groups of U, U'respectively.If f: R(X) - R(X")
isa homomorphism, then we say that f : X — X' is an upper rough homomorphism such that for all x,y € R(X),

f&xy) = fE*fO).

Theorem 4.1: Let (U, R),(U’, R") be two approximation spaces, Let Uand U'be the groups with respect to the binary
operations * ¥ respectively. Let X € U,Y < U’ such thatR(X),R(X") are two sub group of U, U'respectively. If f:
R(X) = R(X") is a homomorphism, f : X — X’ is an upper rough homomorphism, then the following properties hold.

0 fle)=e¢'
i) fl@H=[f@]"
Proof

M Let a € X then a € R(X) there existe € R(X) suchthata*e =e+a =ethen f(axe) = f(e*a) = f(a)
_ f@x*f=fle*fla=rf(a
Hence f(e) = e’ e’ ER(X"
(ii) Leta € Xthena™! € R(X)suchthata *xa ' =a lxa =e
flaxa™)=f(a"'*a)=f(e)
f@*faH=fl@N*f(a)= fle)=¢'
Hence f(a™")= [f(a)]™*

Definition 4.2: Let(U, R),(U'R") be two approximation spaces. Let Uand U’be the groups with respect to the binary
operations * ¥ respectively. X € U, X' € U’ such that R(X),R(X") are sub groups of U, U'respectively. If f: R(X) -
R(X') is a isomorphism, then we say that f : X — X' is an upper rough Isomorphism.

Theorem 4.3: Let(U, R),(U’, R") be two approximations spaces, where U and U'are groups with respect to the binary
operations * ,* respectively. Let X € U, X’ € U’ such thatR (X),R(X") are sub groups of U, U'respectively. If f: R(X) —»
R(X') isan isomorphism, then

() f (ROO) = RUFX))

(i)f~ (R()) = RU(0)

Proof
() £ (R&)) = R(F(X))
Letx € f (E(X))

= f~'(x) € R(X),
=[fWNX*¢
=ff M nX) * ¢
="M NfX) = ¢

= [x]lgnfx) = ¢ [since f is an isomorphism]
= x € R(f(X))

f(R)) € R(FC0)

Let x € R(f(X))

=x€e[f(]nfX)
=x € f(X)

= x € f (R(X))[since X € RA)]= £(X) < FREX))]
R(F() < f (RX))
Hence f (R(X)) = R(f(X))
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(i)f~* (R()) = RGFL(0)
Letx € £~ (R(X))

= f(x) € R(Y),

=W NX # ¢

= @] N X) # ¢

= Il N0 # ¢

= [x]lgnfix)# ¢ [since f is an isomorphism]
= x € R(f 1 (X))

£ (Reo) e Ru—00)

Letx € R(f (X))

=x€e[fTINfTIX)
=x € f1(X)

= x € £ (R(0)[Sincex € RXN)]= f7*(X) € f*RX))]
R(FH0) € £ (R(O)
Hence f~1 (E(X)) = R(f~1(X))

Theorem 4.4: Let(U,R),(U’, R") be two approximation spaces, Let Uand U’be the groups with respect to the binary
operations * ¥ respectively. Let X € U, X’ € U’ such that R(X),R(X") be two sub group of U, U’respectively. If f:
R(X) = R(X') isan isomorphism, f :X — X' isan upper rough isomorphism, then the following properties hold.

0] fIf X; is an upper rough sub group of X thenf (X;) is an upper rough subgroup ofX’

(ii) If X; is an upper rough normal in X thenf (X,) is an upper rough normal in f(X)

(iii)  If X, isan upper rough sub group of X’ thenf~1(X,") is an upper rough subgroup ofx
(iv) If X," is an upper rough normal inX’ thenf~%(X," ) is an upper rough normal inX

Proof
(i) If X, is an upper rough sub group of X
Since X, is non empty, f (X;) is also non empty.

Now let x,y € f(Xy) thenx,y € f (R(X))) ,x = f(a),y = f(b) where a,b € R(X,)
Therefore x ¥y~ = f(@) * [f(D)] ' = f(@*f(b™") = f(axb7")
Since X, is an upper rough sub group of X, a * b=* € R(X;)
Thereforex ¥yt = f(a *b™') € f(R(X,))
Therefore f(R(X,)) is a subgroup of X’
By Theorem 4.3 f (E(X)) = R(F(0)

R(f(X,)) is a subgroup of X’
By Theorem 3.5
f(X,) is an upper rough subgroup of X’
(ii) Let X; isan upper rough normal in X
Letx € f(X,) andy € f(X)
claimy = x x y~' € R(f (X))
Now, x = f(a),y = f(b) where a € X;&b € X
Since X; is an upper rough normal in X, R(X,)is normal in,
bxaxb~'€R(X,)
Therefore f(b *a = b™1) € f(R(X,))
f@Ff@*fb™) € f(R(XD)

Thereforey *x*y € f (E(Xl))

f (ﬁ(Xl))is normal in f(X)
By Theorem 4.3 R(f(X,)) is normal in f(X)
= f(X;)is an upper normal in f(X)
(iii) Let X;' be an upper rough sub group of X’
Since (e) = e’ €R(X,') ,e € F1(R(X,))
hencef "L (R(X,")) # ¢
Leta,b € f1 (E(xl’)) then £ (a), f(b) € R(X,")

= f(@*[f(D)]™" € R(X,)
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= f(axb™) €R(X,")
=>axb™ € fT(R(X)
=Y (R(X,"))is a subgroup of X
= R(f1(X,)is sub group of X.
= f~1(X])is an upper rough subgroup of X
Hencef~1(X,'") is an upper rough subgroup ofX
(iv) Let X;" is an upper rough normal inX’
Lete f1(X,")anda € X
Then f(x) € X;" andf(a) € f(X)
Toprovea *x xa™t € f~1(X,")
Since X,' is an upper rough normal in X’, R(X;")is normal in X’

= f@*f)*[f(@]™ € R,
= fa*xx=*a™) € (R(X,))
sa*xx*a '€ f Y RX,))
F~Y(R(X,"))is normal in X
= R(f~*(X,"))isnormal in X  [by theorem 4.3]
f71(X,") is an upper rough normal inX.

Theorem 4.5: An upper rough isomorphism is an equivalence relation
Proof

Let R(X),R(X") be two sub groups of U and U’ respectively, then by theorem 3.5, X and X’ be two upper rough
sub groups of U and U’ respectively.

For any group R(X), ix= R(X) — R(X') is an isomorphism clearly the identity map ix= X — X'is an upper rough
isomorphism,
henceX =, X

Therefore the relation is reflexive.

Let R(X),R(X') be two sub group of U, U'respectively,then X ,X’'be two upper rough sub group of U,
U'respectively

Now let X =, X'and let f : R(X)— R(X") be an isomorphism,
= f : R(X)— R(X")is a bijection.
= f~1: R(X") - R(X)is also a bijection
Letx’,y' € R(X")
Since f is onto there exists x € X,y € X
suchthat x’ = f(x) and y' = f(y)
=x=f"(xNandy = f'(")
Therefore f(xy) = f()f(y) = x'y’
Therefore f~1(x'y") = xy = f~ 1 (x")f~(y")
Thereforef ~*: R(X") = R(X) is a homomorphism
Thereforef ~*: R(X") = R(X) is an isomorphism
Hence f X' - Xis an upper rough isomorphism Hence X' = X and
The relation sis symmetric
Now let X =, X'andX’ =, X"and let f: R(X)—> R(X') be an isomorphism,h: R(X") —» R(X") is an
isomorphism. hof: R(X) — R(X")is also rough bijection
Now let x, y € X then
(hof)(xy) = hlf (xy)]

= h[f () ()]
= h(f)Dh(f )
= (hof)(x)(hof)(¥)

hof: R(X) — R(X'")is an isomorphism

Hence hof X — X''is an upper rough isomorphism ThusX =, X'’ and hence the relation is transitive.
Therefore an upper rough isomorphism is an equivalence relation.
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